
W
orking w

ith i and rotations



C
om

plex N
um

bers
 in 

Q
uantum

 Inform
ation S

cience



Q
uantum

 Interference 
●

Q
ubits in superposition 

constructively and destructively 
interfere due to phase differences 

○
W

e refer to the phase difference betw
een 

|0
〉and |1

〉as relative phase (ex. the -1 in 
|𝜓⟩= |-⟩ = 𝛼|0⟩ - 𝛽|1⟩)

●
Think about w

aves:
○

Like signs in am
plitude -> bigger 

com
bined w

ave
○

D
ifferent signs in am

plitude -> com
bined 

am
plitude goes to zero
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+
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P
robability A

m
plitudes and P

hase
●

W
e have looked at qubit states w

ith probability am
plitudes that are real num

bers  

4

Q
ubit state:

|𝜓⟩ = 𝛼|0⟩ + 𝛽|1⟩ 

○
E

xam
ple real num

bers: -1, 5.3, ⅞
, √2, 𝛑

○
P

hase differences occur w
hen |0

〉and |1
〉have opposite sign

●
P

robability am
plitudes associated w

ith quantum
 state can also 

be com
plex num

bers 

M
athem

atical S
ym

bols:

ℝ
 : S

et of R
eal N

um
bers. Includes positive and 

negative values that are rational or irrational

ℂ
: S

et of C
om

plex N
um

bers



z =
 a +

 bi  

C
om

plex N
um

bers

C
om

plex num
bers include a real and im

aginary com
ponent

5

R
eal P

art
Im

aginary P
art 

i is an im
aginary num

ber w
here i = √-1 and i 2 = -1

z =
 a +

 bi  R
eal

Im
aginary



W
orking w

ith C
om

plex N
um

bers
●

Like term
s com

bine for addition and subtraction
○

(3 + 4i) + (6 - 2i) 
= (9 + 2i)

○
(4) - (3 - i)
 = (1+i)

●
W

hen m
ultiplying, apply FO

IL technique
○

(3 - 2i) (1 +3i) 
First: 3*1 = 3
O

utside: 3*(3i) = 9i
Inside: (-2i)*1 = -2i
Last:  (-2i)*(3i) = -6i 2 = 6 
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R
em

em
ber: i*i = i 2 = -1 and (-1)*(-1) = 1  

C
om

bine! 
(3 - 2i) (1 +3i) =

9 + 7i



P
R

A
C

TIC
E

: M
ultiply these tw

o com
plex num

bers.

(3+i)(-2i)

a.
-4i

b.
-2-6i

c.
2+6i

d.
2-6i

7

(6-2i)(7-4i)

a.
42 - 30i

b.
50 - 38i

c.
36 - 38i

d.
42 + 8i



P
R

A
C

TIC
E

: M
ultiply these tw

o com
plex num

bers.

(3+i)(-2i)

a.
-4i

b.
-2-6i

c.
2+6i

d.
2-6i
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(6-2i)(7-4i)

a.
42 - 30i

b.
50 - 38i

c.
34 - 38i

d.
42 + 8i



C
om

plex values in quantum
 com

puting
●

C
hanges in 𝜙 (≠ 0, 𝜋) can result in 

com
plex-valued probability am

plitudes
●

O
n the B

loch S
phere, w

e have learned:
○

|0
〉and |1

〉are on the z-axis
○

|+
〉and |-〉are on the x-axis

●
N

ew
 states on the y-axis:
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z

y

x

|𝜓
〉

|0
〉

|1
〉 �

�

𝜙
|+
〉

|-〉| i〉
|-i〉



R
otating P

hase w
ith 

S
 and T gates

Tw
o new

 gates com
m

only used to rotate 
qubit phase (𝜙 on B

loch S
phere):
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R
otating P

hase w
ith 

S
 and T gates

Tw
o new

 gates com
m

only used to rotate 
qubit phase (𝜙 on B

loch S
phere):
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N
ote: e is the 

m
athem

atical 
constant know

n as 
Euler’s num

ber 
(≈2.71828, the base 

of the natural 
logarithm

)



Is S
 its ow

n inverse?!?
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=



Is T its ow
n inverse?!?
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R
elations betw

een the P
hase G

ates: T, S
, Z
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=
=



E
xam

ple: S
tate Transform

ation w
ith S
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|0⟩
|0⟩

|1⟩
i|1⟩

A
s w

ith negative / positive phase, i / not-i phase is m
eaningless w

ithout superposition



W
hy are C

om
plex Values used in Q

uantum
 C

om
puting? 

(S
IM

P
LE

 A
N

S
W

E
R

) 
●

Q
uantum

 signals m
ust interfere w

ith phases at varying degrees…
.critical for 

m
any quantum

 algorithm
s!

●
W

hile in superposition, value of quantum
 state is unknow

n and com
plex 

values describe unknow
n values (especially those that oscillate) very w

ell
●

In the end, physical m
eaning not connected to com

plex quantities, but 
operation that produces real num

bers
○

P
hase associated w

ith probability am
plitudes not m

easured
○

R
equirem

ent that for |𝜓⟩ = 𝛼|0⟩ + 𝛽|1⟩, |𝛼| 2 + |𝛽| 2 = 1
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P
R

A
C

TIC
E

: W
hat circuit allow

s for us to produce |i>?

A
.

B
.

C
.  
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|0⟩
|0⟩

|0⟩
H

|0⟩
H

|0⟩

H
int: N

O
T = 

H
 =

S
 =



A
.

B
.

C
.  

P
R

A
C

TIC
E

: W
hat circuit allow

s for us to produce |i>?
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|0⟩
|0⟩

|0⟩
H

|0⟩
H

|0⟩

H
int: N

O
T = 

H
 =

S
 =



P
R

A
C

TIC
E

W
hat is the value of i^3?

a.
i

b.
-1

c.
-i

d.
1
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P
R

A
C

TIC
E

W
hat is the value of i^3?

a.
i

b.
-1

c.
-i

d.
1
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P
R

A
C

TIC
E

W
hat is the value of i^4?

a.
i

b.
-1

c.
-i

d.
1
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P
R

A
C

TIC
E

W
hat is the value of i^4?

a.
i

b.
-1

c.
-i

d.
1
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A
bsolute Value of a C

om
plex N

um
ber

S
quare root of value tim

es com
plex conjugate
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A
bsolute value:



E
xam

ple: A
bsolute Value

of a C
om

plex N
um

ber 

|3+4i| =

S
qrt ((3 + 4i)(3 - 4i)) = 

S
qrt( 9 + 12i -12i +16 ) =

S
qrt( 25 ) = 

5

24

|6 - 8i| =

S
qrt ((6 - 8i)(6 + 8i)) = 

S
qrt( 36 - 48i +48i +64 ) =

S
qrt( 100 ) = 

10 



E
xam

ple: C
alculate 

P
robabilities for |i〉 

K
now

n: P
robability for m

easuring |0⟩ is |𝛼| 2 and |1⟩ is |𝛽| 2 for |𝜓⟩ = 𝛼|0⟩ + 𝛽|1⟩  
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P
robability of |0⟩

P
robability of |1⟩

N
ote: i*i = -1 , -i*i = 1



The B
loch S

phere and S
ingle-Q

ubit 
R

otation O
perations



|0
〉

|1
〉

z

y

x

R
eview

: S
ingle-Q

ubit O
perations

●
Q

ubit state represented w
ith the B

loch S
phere

27

●
Q

ubit gates w
e have learned about include:

|1⟩ = N
O

T |0⟩ 

|0⟩ = N
O

T |1⟩ 

The N
O

T gate is also called the X gate...
It im

plem
ents a rotation of 𝜋 around the x-axis of the B

loch Sphere!



R
eview

: S
ingle-Q

ubit O
perations

28

●
Q

ubit gates w
e have learned about include:

●
Q

ubit state represented w
ith the B

loch S
phere

|0
〉

|1
〉

z

y

x

|+⟩= 1/√2(|0⟩+|1⟩) = H
 |0⟩ 

|-⟩= 1/√2(|0⟩-|1⟩) = H
 |1⟩ 

The H
 gate im

plem
ents a rotation of 𝜋/2 around the 

y-axis of the B
loch Sphere!



The B
loch S

phere: A D
eeper Look 

●
Q

ubit state |𝜓⟩ = 𝛼|0⟩ + 𝛽|1⟩ falls on sphere surface 
●

R
equirem

ent that 1 = |𝛼| 2 + |𝛽| 2 m
akes radius, r = 1

●
S

ingle qubit quantum
 operations im

plem
ent rotations 

around x, y, and z axis to transform
 the state of |𝜓⟩

●
N

ew
 w

ay to describe qubit:

29

z

y

x

|𝜓
〉

|0
〉

|1
〉

�
�

𝜙
|𝜓⟩ = cos(𝜽/2)|0⟩ + e

i𝜙sin(𝜽/2)|1⟩

Probability am
plitudes

 

 

Phase

= (r = 1, 𝜽, 𝜙)



N
ote:

e
ix = cos(x) +i*sin(x)

E
xam

ple: C
onfirm

 Location of |-⟩ =              = 
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|𝜓⟩ = cos(𝜽/2)|0⟩ + e
i𝜙sin(𝜽/2)|1⟩

|𝜓⟩ = 𝛼|0⟩ + 𝛽|1⟩
|0
〉

|1
〉

z

y

x

�
�𝜙

|-〉
= (r = 1, 
    𝜽 = 𝜋/2,
    𝜙 = 𝜋)

|𝜓⟩ = cos( (𝜋/2) /2)|0⟩ + e
i𝜋sin( (𝜋/2) /2)|1⟩

f(x) \ x
0

𝜋/4
𝜋/3

𝜋/2
𝜋

cos(x)

sin(x)
|𝜓⟩ =



Im
portant O

bservations 
●

A
ngle 𝜽 influences the probability of observing |0

〉or |1
〉 

○
A

s 𝜽 increases, you are m
ore likely to observe a |1

〉

●
A

ngle 𝜙 influences phase betw
een |0

〉and |1
〉

○
P

hase never m
easured, but im

portant for quantum
 

algorithm
s

○
W

e refer to the phase difference betw
een |0

〉and |1
〉as 

relative phase (ex. the -1 in |𝜓⟩= 𝛼|0⟩ - 𝛽|1⟩)
●

G
lobal phase com

m
on to both |0

〉and |1
〉expressed as 

e
i𝜸|𝜓⟩ (ex. e

i𝜸= -1, i) has no observable im
pact on 

quantum
 state and is typically discarded 

○
-|𝜓⟩ = -(𝛼|0⟩ + 𝛽|1⟩) = -𝛼|0⟩ - 𝛽|1⟩ ≅ 𝛼|0⟩ + 𝛽|1⟩ = |𝜓⟩ 
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z

y

x

|𝜓
〉

|0
〉

|1
〉

�
�

𝜙

= (r = 1, 𝜽, 𝜙)



G
eneralized R

otation O
perations

The generalized single-qubit rotation operations allow
 for arbitrary state 

transform
ation

32

z

y

x

|𝜓
〉

|0
〉

|1
〉

�
�

𝜙



E
xam

ple R
otation: C

alculating R
x (𝜋) 

The R
x (𝜋) gate im

plem
ents a rotation of 𝜋 around the 

x-axis of the B
loch Sphere

33

**G
lobal phase ( -i) has no observable im

pact on quantum
 

state...w
e say that R

x (𝜋) is equal to X up to a global phase of -i  



E
xam

ple R
otation: C

alculating R
z (𝜋) 

The R
z (𝜋) gate im

plem
ents a rotation of 𝜋 around the 

z-axis of the B
loch Sphere

34

**G
lobal phase ( -i) has no observable im

pact on quantum
 

state...w
e say that R

z (𝜋) is equal to Z (phase flip) up to a global 
phase of -i  



P
R

A
C

TIC
E

: 

W
hat is the m

atrix for R
y(pi)?

35

1  0
0  -1

0  -1
1   0

0   0
-1  0

1  0
0  1

ab

cd



P
R

A
C

TIC
E

: 

W
hat is the m

atrix for R
y(pi)?
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1  0
0  -1

0  -1
1   0

0   0
-1  0

1  0
0  1

ab

cd
G

ate is sim
ilar to Y gate (up 

to global phase) w
hich is: 

Y = 0   -i
       i     0



Takeaw
ay  

●
S

ingle qubit gates can be thought of as rotation operations
○

Visualized as rotations around the x-, y-, and z-axis of the B
loch S

phere  
●

The R
x , R

y  , and R
z operations allow

 arbitrary qubit states to be created
○

G
lobal phase on qubit state can generally be ignored 
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