
C
hange of B

asis



C
hoosing a R

eference for Locating an O
bject

A different reference (basis) can m
ake state description m

ore clear!

39

y

x
e

1 

e
2

y

x

f1 

f2

Standard basis, E - difficult to 
create path to object w

ith basis 
vectors

N
ew

 basis, F - easy to describe 
path w

ith basis vectors



R
eview

: Q
uantum

 S
tate has a Vector N

otation 
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: Top of B
loch S

phere
: B

ottom
 of B

loch S
phere

The C
om

putational B
asis

Typically, qubits are expressed using the com
putational basis corresponding to probability 

of m
easuring 0 or 1.

41

The com
putational 

basis rests on the 
z-axis

          =         
          =         



The H
adam

ard B
asis 

The H
adam

ard basis can also be used in Q
IS

.

42

The H
adam

ard, 
or +/- basis, 
rests on the 

x-axis



A
nother w

ay to think about it…
.

C
onventional operations rotate the vector w

ithin the sphere

B
asis changes rotate the sphere and vector together
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●
A basis, X

 = {x
1 , x

2 , …
, x

n }, is a set of 
vectors that can be used to express any 
point in a vector space, V, as a linear 
com

bination
●

D
ifferent bases can be chosen for V

, and 
choice of basis can m

ake a problem
 easier 

to solve
●

The standard basis, E
, is used to describe 

vectors in the x-y plane:

E
 = {e

1 = (1,0), e
2 = (0,1)}

B
asis of a Vector S

pace

44

y

x

The vector w
 = (2,3) 

can be expressed as 
w

 = 2e
1 + 3e

2

e
1 

e
2



C
hange of B

asis, C
om

putational and H
adam

ard

●
Linear transform

 w
ith a m

atrix, M
, allow

s base conversion
●

M
H

,C
  to convert from

 the com
putational basis to the H

adam
ard basis

●
M

C
,H

  to convert from
 the H

adam
ard basis to the com

putational basis

45

M
H

,C
  = (M

C
,H

 ) -1

M
H

,C
  = H

 = H
 -1 =



M
apping C

oordinates: C
om

putational to H
adam

ard B
asis
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P
R

A
C

TIC
E

: True or False - C
om

putational basis states |0⟩ 
and |1⟩ lie on opposite sides of the B

loch S
phere, but |+⟩ 

and |-⟩ do not.    

a.
True

b.
False

c.
S

om
etim

es true
d.

I don’t know
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P
R

A
C

TIC
E

: True or False - C
om

putational basis states |0⟩ 
and |1⟩ lie on opposite sides of the B

loch S
phere, but |+⟩ 

and |-⟩ do not.    

B
. FA

LS
E

. |+⟩ and |-⟩ are also on opposite 
sides, just on the x-axis! 

U
sing vectors located on opposite sides of the 

B
loch sphere is actually im

portant if you are 
trying to define a basis for your quantum

 
inform

ation! 
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E
xam

ple 1: B
asis C

hange of a Q
ubit at S

tate |0
〉

A qubit has a state of                  . E
xpress  the qubit as                                      .

K
now

n:

S
olution:
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E
xam

ple 1: B
asis C

hange of a Q
ubit, G

eneralized

50

A qubit has a state                       .       . E
xpress  the qubit as                                     .

K
now

n:

S
olution: 



D
igging D

eeper
R

ules for Q
ubit B

asis S
ets

A set of basis vectors, X
 = {x

1 , x
2 },  

m
ust be orthonorm

al: 

●
A

ll included vectors are orthogonal 
(perpendicular) 

〈x
1 |x

2 〉= 0

●
E

ach vector has a norm
 (distance) of 1

〈x
1 |x

1 〉= |x
1 |= 1

51

Euclidean D
istance/N

orm
:

C
om

plex C
onjugate:

B
ra-K

et N
otation: |K

et〉to
〈B

ra| conversion

Vector 
Transpose: 



A
dvanced M

athem
atics For Q

IS

Q
ubit state and quantum

 gates are represented by vectors/m
atrices 

●
E

lem
ents can be com

plex!

S
pecial linear algebra operations are needed to analyze quantum

 states and state 
transform

ations w
ith com

plex values. S
om

e im
portant operations include:

●
C

om
plex conjugate - H

elps calculate state probabilities w
ith com

plex values
●

C
onjugate transpose - A

llow
s qubit state colum

n vectors (|K
ets

〉) to be transform
ed to 

row
 vectors (〈B

ras|)
●

Inner Product - A
pplied to confirm

 that basis states (|0
〉/|1

〉, |+
〉/|-〉, |i〉/|-i〉) can be used 

to describe the state of a qubit
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C
om

plex C
onjugate

The com
plex conjugate operation changes the value of the im

aginary com
ponent 

of a com
plex num

ber

53

C
om

plex C
onjugate

‘Flips’ the sign of im
aginary values!

“H
at” indicates 

conjugate operation

N
ote: If a num

ber is not com
plex, 

it is equal to its com
plex 

conjugate   

z = a + 0*i =  z = a - 0*i

If z =
 a +

 bi, 
then  

z =
 a - bi



E
xam

ple: C
om

plex C
onjugate 

z = 8 + 3 i

54

C
om

plex C
onjugate

If z =
 a +

 bi,  then  

z =
 a - bi

z = 8 - 3 i

c = 12 - 7 i

c = 12 + 7 i

v = (1 +  i)/√2

v = (1 -  i)/√2



K
ey Linear A

lgebra O
peration: Transpose

Transpose operations are used on quantum
 states and operations to adjust the 

row
 and colum

n values

55

Vector Transpose:  

‘Flips’ a vector/m
atrix around a diagonal

“T” indicates transpose



E
xam

ple: Transpose
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P
R

A
C

TIC
E

: W
hat is the transpose of the follow

ing m
atrix?

-2  9  0

3   6  8

57

-2i  9i  0
3i   6i  8i

-2i  3i  
9i   6i 
0    8 

-2    3  
9     6 
0     8 

  1  0   
  0  1
      

a.
b.

c.
d.



P
R

A
C

TIC
E

: W
hat is the transpose of the follow

ing m
atrix?

-2  9  0

3   6  8

58

-2i  9i  0
3i   6i  8i

-2i  3i  
9i   6i 
0    8 

-2    3  
9     6 
0     8 

  1  0   
  0  1
      

a.
b.

c.
d.



Invert the sign of all im
aginary values (com

plex conjugate), and m
irror vector or 

m
atrix elem

ents (transpose) across the diagonal! 

C
onjugate Transpose of a Vector/M

atrix

“D
agger” indicates 

conjugate transpose



E
xam

ple:
C

onjugate Transpose 

60



P
R

A
C

TIC
E

: W
hat is the conjugate transpose of the 

follow
ing m

atrix?
-2  9i  i

-3i  6  8

61

2i  -9i  -i
3i   6   8

-2  3i  
-9i   6 
-i    8 

-2   3i  
9     6 
i     8 

  1  0   
  0  1
      

a.
b.

c.
d.



P
R

A
C

TIC
E

: W
hat is the conjugate transpose of the 

follow
ing m

atrix?
-2  9i  i

-3i  6  8
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2i  -9i  -i
3i   6   8

-2  3i  
-9i   6 
-i    8 

-2   3i  
9     6 
i     8 

  1  0   
  0  1
      

a.
b.

c.
d.



|K
et〉to

〈B
ra| conversion

Q
uantum

 analysis requires |K
ets

〉to be transform
ed to

〈B
ras| (and vice versa!)

●
B

oth transform
ations use the sam

e steps
●

C
onjugate transpose: com

plex conjugate then vector transpose

63



E
xam

ple: |K
et〉to

〈B
ra| 

64

N
ote:〈B

ra| to |K
et〉conversion 

follow
s the sam

e procedure!



P
R

A
C

TIC
E

: C
onvert  |10

〉to
〈10| 

A
.

B
.

C
.

D
.
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001000i00 0 i 0

0 0 1 0



P
R

A
C

TIC
E

: C
onvert  |10

〉to
〈10| 

A
.

B
.

C
.

D
.
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001000i00 0 i 0

0 0 1 0



Inner P
roduct

The inner product of tw
o quantum

 states |𝜓
〉and  |𝜙

〉is defined as

67

|𝜙
〉

〈𝜓
|  |𝜙

〉=
.

〈𝜓
|  

M
ust convert from

 K
et 

to B
ra

The result of an inner product is a scalar (single value)



E
xam

ple: Inner P
roduct
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D
igging D

eeper
R

ules for Q
ubit B

asis S
ets

A set of basis vectors, X
 = {x

1 , x
2 },  

m
ust be orthonorm

al: 

●
A

ll included vectors are orthogonal 
(perpendicular) 

〈x
1 |x

2 〉= 0

●
E

ach vector has a norm
 (distance) of 1

〈x
1 |x

1 〉= |x
1 |= 1
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Euclidean D
istance/N

orm
:

C
om

plex C
onjugate:

B
ra-K

et N
otation: |K

et〉to
〈B

ra| conversion

Vector 
Transpose: 



Vector D
istance

Euclidean distance (also called Euclidean norm
) is the distance of a vector from

 
‘tip to tail’ 
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A
pplied C

om
plex Linear A

lgebra:
R

ules for Q
ubit B

asis S
ets

A set of basis vectors, X
 = {x

1 , x
2 },  

m
ust be orthonorm

al: 

●
A

ll included vectors are orthogonal 
(perpendicular) 

〈x
1 |x

2 〉= 0

●
E

ach vector has a norm
 (distance) of 1

〈x
1 |x

1 〉= |x
1 |= 1
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Euclidean D
istance/N

orm
:

C
om

plex C
onjugate:

B
ra-K

et N
otation: |K

et〉to
〈B

ra| conversion

Vector 
Transpose: 



E
xam

ple: C
heck O

rthonorm
ality  

The C
om

putational B
asis: |0

〉and |1
〉

●
A

ll included vectors are orthogonal (perpendicular) ,〈x
1 |x

2 〉= 0

72

●
E

ach vector has a norm
 (distance) of 1,〈x

1 |x
1 〉= |x

1 |= 1


